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We consider an inverse problem for estimating an unknown time-dependent heat source H(t) in a heat
conduction equation T¢(x,t) =
internal point. The Lie-group shooting method (LGSM) was used in the solution of this inverse problem;
however, when the data are acquired at an internal point we require to develop a two-stage Lie-group
shooting method (TSLGSM) to solve it. This novel approach is examined through numerical examples
to convince that it is a rather accurate and efficient method, whose estimation error is small even for
the identification of discontinuous and oscillatory heat source under large noise.

T« (x,t) + H(t), with the aid of an extra measurement of temperature at an
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1. Introduction

In the parabolic type diffusion problems the source terms are
usually not easy to detect directly. In practice, there are many
researches on the inverse source identification problem to
determine the source terms since 1970s. This study aims to esti-
mate as accurately as possible the time-varying heat source by
solving an inverse heat conduction problem under an overspecified
internal data. The estimation is based on a transient temperature
measurement undertaken by a thermocouple on an internal point
of a heat conducting rod.

Applications of inverse methods span over many heat transfer
related topics. Sometimes the temperature and heat flux data on
the boundary are known and one wants to determine the material
properties. Those problems are often referred to as parameter iden-
tification problems in the literature [1,2]. Most inverse problems
belong to a family of problems that have an inherited ill-posed
property. Since the interest in these methods begun with one of
the first published paper by Stolz [3] in the 1960, the applications
nowadays range over many scientific fields. Those fields include
solid mechanics, fluid dynamics and heat transfer, to name only
a few.

The parameter determination in partial differential equations
from overspecified data play a crucial role in applied mathematics
and physics. These problems are widely encountered in the model-
ing of physical phenomena [4-7]. Here, we consider an inverse
problem of finding an unknown heat source H(t) in a one-dimen-
sional heat conduction equation, of which one needs to find the
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temperature distribution T(x, t) as well as the heat source H(t) that
simultaneously satisfy

PPT(x,t) _ 9T, t)

= ot —H(t), 0<x</¢0<t<ty, (M
T(0,6) = Fo(t), T(6,6) = Fy(t), @)
T(x,0) =f(x). G)

Because the above problem has an unknown function H(t), it
cannot be solved directly. In the above, ¢ is a length of the heat con-
ducting rod, and t; is a terminal time.

A new method will be developed to estimate the unknown heat
source H(t) of the above inverse problem, which is subjected to the
above boundary conditions and initial condition, as well as an
overspecified temperature measurement at an internal point Xy,:

T(Xm, t) = Fun(t). (4)

For the inverse problem governed by Eqgs. (1)-(4) there are
many studies as can be seen from the papers by Cannon and
Duchateau [8] for identifying H(u), and Savateev [9] and Borukhov
and Vabishchevich [10] for identifying H(x,t) with additive or
seperable space and time. Many researchers sought the heat source
as a function of only space or time, for example, Farcas and Lesnic
[11], Ling et al. [12], and Yan et al. [13].

The model problem presented here used to describe a heat
transfer process with a time-dependent source produces the tem-
perature at a given point x,, in the spatial domain at time t. Thus,
the purpose of solving this inverse problem can be viewed as an in-
verse control problem to identify the source control parameter that
produces at any given time a desired temperature at a given point
Xm in the spatial domain. The traditional approach in solving prob-
lems of this sort approximately consists in reduction to the first
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Nomenclature

>

augmented matrix

a,b coefficients defined in Eqgs. (29), (32), (38), (50)
f 2n-dimensional vector field in Eq. (14)
f =f(xy)

fx) initial temperature function

Fo(t) left-boundary temperature function
F,(t) right-boundary temperature function
Fm(t) temperature function at xm,

F =f/|yll

F; the first n components of F

F, the last n components of F

F(t;) i=1Fo(t;) + (1 — r)Fm(t;)

Fm(t;) = Fm(t) +sR()

g 2n + 1-dimensional Minkowski metric
G an element of Lorentz group
G;,i=1,...,K elements of Lorentz group

G(r) an element of Lorentz group

G(xm) an element of Lorentz group

G the 00-th component of G

H(t) time-dependent heat source

H; = H(t;)

h right-hand sides of Egs. (8) and (9)
h; =h((1-rxm,T1)

l:lz = h(TXm + (1 — T)Z,Tz) N

hy the i-th component of h;

I, 2n-dimensional unit matrix

l length of rod

el Euclidean norm

M2+ 2n + 1-dimensional Minkowski space
n number of discretized time points

r weighting factor

R(i) random numbers

s level of noise

S0,(2n,1) 2n+ 1-dimensional Lorentz group
so(2n,1) the Lie algebra of SO,(2n,1)

S temperature gradient )

S temperature gradient vector of S'

s° temperature gradient vector at x =0
s temperature gradient vector at x = ¢
s™ temperature gradient vector at X = X
S =180+ (1 —r)8™

S, =1S"+(1-1)S

S'(x) = S(x, t;)

t time

tr final time

t; = iAt

At time stepsize

T temperature )

T temperature vector of T'

T° temperature vector at x =0

T temperature vector at x = ¢

™ temperature vector at X = X,

T =11+ (1 -n)T"

T, =T+ (1-1)T

T'(x) =T(x, )

T} the i-th component of Ty

T, the i-th component of T,

X space variable

Ax mesh size of x

Xm temperature measuring point

Xy = Xmlly™ — ||

X = (1-1)Xm

X 2n + 1-dimensional augmented vector
X numerical value of X at the k-th spatial step
x° the value of X at x =0

xm the value of X at x = xn,

y 2n-dimensional vector defined in Eq. (14)
y° the value of y at x =0

ym the value of y at x = x,

y! the value of y at x = ¢

[yl =/ ITlP? + 182

92| = \/IIT2|* + ISz
VA

= exp(xy/1)
Z = exp(Xml|ly™ — ¥°[ /1)
23 = exp((¢ — Xm)[ly* — ¥™|I/12)
Greek symbols
€ converegnce criterion
n coefficient defined in Eqgs. (35) and (47)
i coefficient defined in Eq. (64)
1, coefficient defined in Eq. (72)
0 intersection angle of y™ —y° and y°
0 intersection angle of y™ —y° and y°
0, intersection angle of y‘ — y™ and y™

Subscripts and superscripts

i index
K index
t transpose

kind Volterra integral equation, and then some regularization tech-
niques are used to solve the ill-posed problem. According to this
type formulation, Maalek Ghaini [14] has proven the existence,
uniqueness and stability problems; however, no numerical proce-
dures and examples were presented. More interestingly, Yan
et al. [13] have transformed the above problem into a three-point
boundary value problem.

The heat source identification of H(t) is one of the inverse prob-
lems for the applications in heat conduction engineering by detect-
ing the thermal source. The inverse problems are those in which
one would like to determine the causes for an observed effect.
One of the characterizing properties of many of the inverse prob-
lems is that they are usually ill-posed, in the sense that a solution
that depends continuously on the data do not exist. For this inverse
problem of heat source identification the observed effect is the
temperature measurement T(xny,t) at an internal point x = x,, on
the rod. We are interesting to search the cause of the unknown

heat source H(t) in Eq. (1), which induces the effect we observe
through measurement. For the inverse problems the measurement
error may often lead to a large discrepancy from the true cause.
Our approach of the above inverse problem is by using a semi-
discretization together with the group-preserving scheme (GPS)
developed previously by Liu [15] for ordinary differential equations
(ODEs). Recently, Liu [16-18] has extended the GPS technique to
solve the boundary value problems (BVPs), and the numerical re-
sults reveal that the Lie-group method is a rather promising tech-
nique to effectively calculate the two-point BVPs. In the
construction of the Lie-group method for the calculations of BVPs,
Liu [16] has introduced the idea of one-step GPS by utilizing the
closure property of Lie-group, and hence, the new shooting method
has been named the Lie-group shooting method (LGSM). Chang
et al. [19] have employed the LGSM to solve a backward heat con-
duction problem with a high performance. Liu [7] has employed
the LGSM technique to solve accurately the inverse heat conduc-
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tion problems of identifying nonhomogeneous heat conductivity
functions.

Recently, Liu [20] has developed a two-stage Lie-group shooting
method (TSLGSM) for three-point boundary value problems of sec-
ond-order ordinary differential equations. The above paper is
greatly extended the capability of shooting technique on the solu-
tions of BVPs. Developing here is a new TSLGSM for the inverse
problem of heat source identification governed by Egs. (1)-(4).

It is interesting to note that the new method of TSLGSM does
not require any a priori regularization when applying it to the in-
verse problem of heat source identification, and also exhibits sev-
eral advantages than other methods. It would be clear that the new
method can greatly reduce the computational time and is very easy
to implement on the calculations of inverse problem of heat source
identification. Especially, the present method of TSLGSM would
provide much better computational results than others, which in
turns greatly suggest us to use the TSLGSM in the calculations of
this inverse problems.

2. Mathematical backgrounds

We will develop a numerical method to estimate the heat
source H(t) based on the numerical method of line, which leads
to a set of ODEs. In order to explore our new method in self-con-
tent, let us first briefly sketch the group-preserving scheme (GPS)
for ODEs and one-step GPS for the Lie-group in this section. The
readers may refer the author’s papers listed in the References for
a detailed treatment.

2.1. A semi-discretization

As that done by Chang et al. [21], Eq. (1) is transformed into the
following equations:

%:S(x,t), (5)
aS(x,t) _ aT(x,t)
x - ot —H(t). (6)

Then, by using a semi-discretization method to discretize the
quantities of T(x,t) and S(x,t) in the time domain, we can obtain a
system of ODEs for T and S with x as an independent variable. The
Lie-group method as first developed by Liu [22] for the parameter
estimation is extended and applied to the following discretized
equations:

(X .

o =S®). i=1...n (7
aSx) T X -T'(x -

= AT —H;, i=1,....n-1, (8)
aS"(x)  3T"(x) — AT (x) + T"2(x)

ox 2At ~Hn, ®)

where At = t;/n is a uniform time increment, and t; = iAt are the
discretized times of which the measurement is sampling by a rate
At. T'(x) = T(x, t;), S'(x) = S(x, ;) and H; = H(t;) are the discretized
quantities at the nodal points of time.

When i =1, the term T°(x) appeared in Eq. (8) is determined
by the initial condition (3). While the central difference is used
in Eq. (8), we may use the backward difference in Eq. (9) at the
last time point in order to maintain the same second-order

accuracy.

The three known boundary conditions are given by
T(0) = Fo(t), i=1,...,n, (10)
T'(Xm) = Fm(t;), i=1,....n, (11)
T'(0)=F/(t;), i=1,...,n, (12)

which are obtained from Eqgs. (2) and (4) by discretizations.

2.2. The GPS

Let us write Egs. (7)-(9) as in a vector form:

y =fxy), (13)
where the prime denotes the differential with respect to x, and
T S
= f.= 14
vi= s} 1= |nen) 1

in whichT= (T',...,T"" and S = (5", ..., S")". The components of h
represent the right-hand sides of Egs. (8) and (9). The dependence
of h on x is due to the dependence of initial condition (3) on x.

When both the vector y and its magnitude |ly| := /¥y = ¥ ¥
were combined into a single augmented vector

=) (1)

Liu [15] has transformed Eq. (13) into an augmented system:

;o o nxzn y

X =AX:= ey , (16)
llyll
where A is an element of the Lie algebra so(2n, 1) satisfying
Ag+gA=0, (17)
and
Ly O }

= 18

5 hum -1 (18)

is a Minkowski metric. Here, I, is the identity matrix, and the
superscript ¢ stands for the transpose.

The augmented variable X can be viewed as a point in the Min-
kowski space M?"!, satisfying the cone condition:

X'gX=y-y-|y|*=0. (19)
Accordingly, Liu [15] has developed a group-preserving scheme

(GPS) to guarantee that each X locates on the cone:

Xe1 = G(K)X;, (20)

where X, denotes the numerical value of X at the discrete x;, and
G(k) € SO,(2n,1) satisfies

G'gG=g, (21)
detG =1, (22)
Gy >0, (23)

where G is the 00-th component of G.

2.3. One-step Lie-group transformation

Throughout this paper we use the superscripted symbols y° to
denote the value of y at x =0, y™ to denote the value of y at
X = Xy, and y’ the value of y at x = /. We first consider the Lie-
group shooting method in the interval of x € [0, xp].

By sequentially applying scheme (20) on Eq. (16) with a speci-
fied left-boundary condition X(0) = X° we can compute the solu-
tion X(x) by the GPS. Assuming that the spatial stepsize used in
the GPS is Ax = x, /K, and starting from an augmented left-bound-
ary condition X° = ((y°)", |ly°|)'#0 we will calculate the value
X™ = ((y™)", [ly™))" at the right-boundary x = xp,.

By applying Eq. (20) step-by-step we can obtain

X™ = Gg(AX) - - Gy (Ax)XC. (24)
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However, let us recall that each G;,i = 1,...,K, is an element of
the Lie-group SO,(2n,1), and by the closure property of the Lie-
group, Gx(Ax) ---Gy(Ax) is also a Lie-group denoted by G. Hence,
from Eq. (24) it follows that

X™ = GX°. (25)

This is a one-step transformation from X° to X™.

It should be stressed that the one-step Lie-group transformation
property is usually not shared by other numerical methods, be-
cause those methods not necessarily belong to the Lie-group
schemes. This important property has first pointed out by Liu
[23] and used to solve the backward in time Burgers equation.
After that Liu [22] has used this concept to establish a one-step
estimation method to estimate the temperature-dependent heat
conductivity, and then extended to estimate thermophysical prop-
erties of heat conductivity and heat capacity [24-26].

The remaining problem is how to calculate G. While an exact
solution of G is not available, we can calculate G through a numer-
ical method by a generalized mid-point rule, which is obtained
from an exponential mapping of A by taking the values of the argu-
ment variables of A at a generalized mid-point. The Lie-group gen-
erated from such an A € so(2n, 1) by an exponential mapping is

by + EDff o

G(T) _ [ b!f” (Il i (26)
IF]
where
y=ry’+(1-ny" (27)
f=f(xy), (28)
a — cosh (Xl ,b = sinh XalIFI[) (29)
Iyl [yl

Here, we use the left-side y° = (T(0),S(0)) and the right-side
y™ = (T(Xm),S(Xm)) through a suitable weighting factor r to calcu-
late G, where r € (0,1) is a parameter to be determined and
X = (1 —r)xm. To stress its dependence on r we have denoted this
G by G(r).

2.4. A Lie-group mapping between two points on the cone

Let us define a new vector

f
F:=—1/ 30
97 50
such that Egs. (26) and (29) can also be expressed as
-1 t bF
IZn + \?FTFF TE (3])
bE al’
([l
a = cosh(xp||F||), b = sin h(xy|[F||). (32)
From Egs. (15), (25) and (31) it follows that
y" =y’ +1F, (33)
m F-y°
Iy™l = alyl| + b=, (34)
([l
where
_ g0 0
_(@=1F-y* < byl [Fl. 35)
([l
Substituting F in Eq. (33), written as
1
F= 7 " -y, (36)

into Eq. (34) and dividing both the sides by |y°|| > 0, we obtain

y™ Yy -y°)-y°
=a+b ,

lyell ly™ —yOlllly°ll

where, after inserting Eq. (36) for F into Eq. (32), a and b are now
written as

37)

m _ y0 m _ y0
a = cosh (M>, b= sinh(M) (38)
n n
Let
y"-y°)-y°
cos 0i=—— "S- 39
Iy~ yollyOl 39)
Xy = Xmlly™ = ¥°|, (40)

where 0 < 0 < 7 is the intersection angle between vectors y™ — y°
and y°, and thus from Egs. (37) and (38) it follows that

Hyo I cosh <X—y> + cos Osinh(x—y>. (41)
llyell n n
Upon defining
Z:=exp (X—y> (42)
n
from Eq. (41) we obtain a quadratic equation for Z:
2(ly™ |l

(1 +cos 6)Z% —

Z+1—-cos 0=0. 43
K *43)

On the other hand, by inserting Eq. (36) for F into Eq. (35) we
obtain

Iy™ = ¥°|* = (@ - 1)(y™ - ¥°) -y° + by°llly™ - ¥°|. (44)

Dividing both sides by ||y°|/|ly™ — y°|| and using Egs. (38), (39),
(40) and (42) we obtain another quadratic equation for Z:

m _ y0
(1 + cos 0)Z2 2<cos ()—s—w)Z-kcos 0-1-0.  (45)
From Egs. (43) and (45), the solution of Z is found to be
(cos 0 —1)|ly°|
Z= . 46
cos 0 Ty + [y™ — ¥ — [y %0
From Eqgs. (42) and (40) it follows that
_ Xm|y™ =y
= InZ ' (47)

Therefore, we come to an important result that between any
two points (y°,[ly°|) and (y™,|y™||) on the cone, there exists a

Lie-group element G e SO,(2n,1) mapping (y°|y°|]) onto
(y™, |ly™|)), which is given by
y" } y°
-G : (48)
{IIY‘“II {Ilyoll]
where G is given by the following equations:
a-1fFft DLF
Glxm) = Lon + g FE (49)
m b_F[ a bl
[1F[
a = cosh(xp||F||), b = sinh(xy ||F||), (50)
1 InZ ym—y°
F=—(y"-y))=—2--°* | 51
n Y Y = vyl G

In view of Egs. (46) and (39), it can be seen that G is fully deter-
mined by y° and y™.

It should be stressed that the above G is different from the one
in Eq. (26). In order to feature its property as a Lie-group mapping
between the quantities spanned a whole length x,, we write it to
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be G(xn). Conversely, G(r) is a function of r. However, these two
Lie-group elements G(r) and G(xn,) are both indispensable in our
development of the TSLGSM in the next section for the inverse
problem of heat source identification.

3. Two-stage Lie-group shooting method

From Egs. (7)-(12) it follows that

T =5, (52)
S =h(xT), (53)
T(0) = T, T(xy) = T, (54)
S(0) =S, S(xm) =S™, (55)

where T° and T™ are known from Egs. (10) and (12), but S° and S™
are two unknown vectors. Below we derive algebraic equations to
solve them.

By using Eq. (14) for y we have

T ™
= m 56
y {50]7 y {SmA (56)

and further inserting them into Eq. (36) yields

Fi] 1T -1]
F:= == : 57
[FJ n{smso_ &7

Comparing Eq. (57) with Eq. (30) and using Egs. (14) and (56),
we can obtain

™-14 1§, (58)
vl

s"—s%+ M, 59
™ 9)

where

1911l = \/\\Tl P+ 118> = \/HTTO + (1 =T 4 |IrS° + (1 - 1)S™ %,

(60)
hy = h((1 - 1w, T1), (61)
cos 0, = M -T° - T+ (S" - §°) - §° 62)

VIT™ =02 + 8™ — S\ /10 + [18°)

(cos 0y — D/IIT°))* + |IS°)1?
Zl =

€05 0y \/ITIP + [S°1P + /T — T2 + 8™ = §°|12 = \/JT™ P + 5™
(63)

X/ IT" =T + 8™ — S|
I = " | (64)

For the use in later h; is written explicitly as

F2_70
-1
2At

,Hl

h; = n_jn-2 ’
11 _H
2At n-1
31147114712
1 1 1
2At Hﬂ

where T = rFo(t;) + (1 — 1)Fm(t;),i=1,...,n,and T = f((1 — 1)Xm).
We must stress that hy is an unknown vector due to the appearence
of unknown heat source H;.

Similarly, we can obtain the Lie-group shooting equations in the
interval of x € [xm, £

=T+ 123, (66)
[1y2]]

s'—sm4 2 g, 67
5™ (67)

where

19l = Il + 18,07 = IFT™ + (1 = T2 + rS™ + (1 - r)S'|,  (68)
hy = h(rxm + (1 - 1)e,T), (69)
(T/ _ Tm) . Tm + (Sé _ Sm) . Sm

cos 0, = , (70)
VIT =T + 18" = S™ 12T + 5™
(cos 0y — 1)y/[IT"[* + [IS™ |
Z = —,
cos 5/ [T™? + ™2 + \/IT = T™| + i = S™| — /| T'I + |IS'|
(71)
0—x T T 4+ |IS" — S™|
g, AT =T+ |8 - S™ 72)

2 1n22

The above S°, S™, §’, h; and h, are unknown vectors but the
three vectors T°, T™, and T’ are known and given by

Fo(ty) Fin(t1) Fy(t1)
= |: . Th= . T= . (73)
FO(tn) Fm(tn) Fl‘(tﬂ)
We can evaluate these unknown vectors as follows. By using
S =rS"+(1-1rS™, S, =rS"+ (1-r1)S, (74)
from Egs. (58), (59), (66) and (67) we can solve
fl] _ ”y]” (sm _ SO)7 (75)
m
y 1-1n, ¢
Soz||Y1|| ™ _T° 7( _ lh7 76
m T T ™ 70
y 1-1n, ¢
Sm: HyZH Téme 7( _ 2h , 77
A T R 7
sl — ||y2H T - T™ + rz?Z ﬁ ; 78
M ( ) V2l ? (78)
where
2_70 m —H |
it~ Hh R
flz = Fn_Fn- ' = Tn_fn A . (79)
3TN _4Tn-147n-2 3fn_47n-14fn-2) (1 H,,
— = 3T§'2*4T+'1"% +T);712+ '~ Hy

with T, = rFn(t) + (1 =1)F(t;),i=1,...,n and T = f(rxm +
(1 —r)¢), can be obtained from h;.

Because T°, T™ and T’ are all available, for a specified r, we can
use Egs. (76)-(79), starting from an initial guess, saying
(s°,S™.S") = (0,0,0), to generate a new (S°,S™ S*), until they con-
verge according to a given stopping criterion:

VISS, = SU2 + 87, —ST12 + L, —SiI? <€, (80)

which means that the norm of the difference between the i + 1-th
and the i-th iterations of (S°,S™ §') is smaller than €.
If the new h; is available, then by Eq. (65) we can calculate H; by

F(tis1) = F(ti1)
2At
3F(ty) — 4F(ty1) + F(ty_2)
2At

H = —hi=1,...,n-1, (81)

Hy = — ht, (82)
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where f1§ denotes the i-th component of h; and F(t;) = rFo(t;)+
(1 —1)Fm(t;) is known for the specified r.

Under the above new left-boundary condition S° together with
the known boundary condition of T° and the new H;, we can return
to Egs. (7)-(9) and integrate them to obtain T(x,,) and S(xn,). The
above process can be done for all r in the interval of r € (0,1).
Among these solutions we can pick up the best r, which leads to
the smallest error of

min \/[T(xm) - T|%, (83)
re(0,1)

such that the overspecified condition in Eq. (4) can be fulfilled as
best as possible.

When the process terminates, by inserting the best r and flﬁ into
Eqgs. (81) and (82) we can estimate the time-dependent heat source
H(t) at the discretized times t;. The above method will be called a
two-stage Lie-group shooting method (TSLGSM).

4. Numerical examples

Now, we are ready to apply the TSLGSM on the estimations of
H(t) through the tests of numerical examples. We are concerned
with the stability of TSLGSM by adding different levels of random
noise on the measured data:

Fin(ti) = Fm(t;) + SR(i), (84)
where Fy,(t;) is the exact data, s specifies the level of noise, and R(i)
are random numbers in [-1,1].

4.1. Example 1

Let us first consider a simple inverse heat source problem with
an exact solution of H(t) = —6t, where T(x, t) is given by

T(x,t) = e ' sinx + 3tx? +}1x4. (85)

The given data Fy(t), F,(t), f(x) and Fn(t) can be computed
from the exact solution. In this case we take ¢=0.1 and with-
out exception x, =¢/2. In addition we take t; =1, At =0.01
and Ax = 0.002.

Before employing the numerical method of TSLGSM to calcu-
late this example we use it to demonstrate how to pick up the
best r as specified by Eq. (83). In the calculation we fixed the
stopping criterion used in Eq. (80) to be € =107. We plot the
error of mis-matching the target with respect to r in Fig. 1(a)
in a finer range of 0.4 <r < 0.6. It can be seen that there is a
minimum point. Under this r the left-boundary condition and
the calculated H; derived from the TSLGSM provide the best
match to the right-boundary condition at x,,. Then we can use
the given T° and the estimated S° to calculate the whole temper-
ature in the rod. In Fig. 1(b) we compare the exact H with the
numerical one, of which the numerical error as shown in
Fig. 1(c) is smaller than 1072

4.2. Example 2

In order to further explore the applicability of this TSLGSM we
consider a slightly complex problem with T(x, t) given by

T(x,t) = x* + 2t + sin(27t), (86)

and H(t) given by H(t) = 2m cos(2mt).

In Fig. 2(a) we compare the numerical solution of H with the ex-
act one in the time interval of ¢ € [0, 1]. These two curves are al-
most coincident, and the error is plotted in Fig. 2(b), which is
smaller than 5 x 1072,
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2E-3 —

1E-3 —

Mis-matching the target Q

LS L L L R L L L L L
045 0.46 047 048 0.49 050 051 052 053 054 055
r

———- Estimated

Exact

(@]
]

Estimation error
1

1.0E-3 T T 1 T T T T T ]
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1. For example 1: (a) plotting the error of mis-matching the target with respect
to rin a finer interval, (b) comparing the numerical result with exact result, and (c)
displaying the estimation error.

———- Estimated
Exact

5E-3 —

(e

4E-3 —

3E-3

2E-3 —

1E-3 —

Estimation error

0F+0 L e
0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 2. For example 2: (a) comparing the numerical result with exact result and (b)
displaying the estimation error.
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4.3. Example 3

Let us consider the following example with H(t) given by

2 te][0,0.3),
4 te][03,06),
2 te€]0.6,0.9),
H(t) = 87
® 4 te[09,1.2), &7)
2 te[l1.2,1. 5).
4 tel5,2].

Here, we let t; = 2. Subjecting to the boundary conditions:
T(0,t)=2t, T, t)=2t+¢, (88)
and the initial condition
T(x,0) =x, (89)

we can apply the TSLGSM to calculate this example. However, the
temperature data at x = x,, is calculated by using the Lie-group
shooting method together with the fourth-order Runge-Kutta
method (RK4) with At = 0.02 and Ax = 0.01. The data Fy, are shown
in Fig. 3(a).

Yan et al. [13] have calculated a similar example by using the
method of fundamental solutions together with a Tikhonov regu-
larization method. However, the numerical results as shown in
Fig. 7 of the above cited paper are not so good. Because the heat
conduction is an irreversible process in time, the solution gets
smooth rapidly in time. The characteristic of solution in time

a 4q

0.0 0.5 1.0 15 20

———- Estimation with s=0

——-— Estimation with s=0.001

007 - Exact

0.06 —
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0.02 —
0.01 -
0.00 ' | ' | ' | ' |
0.0 0.5 1.0 1.5 2.0
t

Estimation error ©

Fig. 3. For example 3: (a) plotting the data Fy,, (b) comparing the numerical results
under s =0 and s = 0.001 with exact result, and (c) displaying the estimation error.
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——— Estimation with s=0.01
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0.00 \ \ \ \ \

0.0 04 08 12 16 20
t
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Fig. 4. For example 4: (a) comparing the numerical results under s=0 and
s =0.01with exact result and (b) displaying the estimation error.

may be smooth as shown in Fig. 4(a) for a certain case. It is hard
to use the smooth data to recover the non-smooth heat source.

In Fig. 3(b) we compare the numerical solution of H with the ex-
act one given by Eq. (87) in the time interval of t € [0, 2]. These two
curves with dashed line and solid line are coincident well, and the
error is plotted in Fig. 3(c), which is smaller than 0.07. In the case
by adding a noise with a level s = 0.001 on the input data, we plot
the numerical result in Fig. 3(b) by the dashed-dotted line. It can be
seen that this method is robust against the noise.

4.4. Example 4

When the internal measuring point of temperature can be put
as close as possible to the right-boundary we can calculate the
temperature gradient at x = ¢ by
aT(,t) T, t)—T(Xm,t)

o o . (90)

Thus the right-boundary condition of ' is available. From Egs.
(58) and (59) with x;;, = ¢ we can solve

O_M ¢ oy (=1 ¢
S T &
hy = ”37’1”( 8. (92)

By the same token we can develop a one-stage LGSM for this
case. For a more detailed description of this method for estimating
the time-dependent heat conductivity one may refer the paper by
Liu [6].

In order to test this method on the estimation of discontinuous
and oscillatory heat source, let us consider

2 t €10,0.3),

Hit)=< 4 t€10.3,0.6), (93)
2 +sin(107wt) t€]0.6,2].

Here, we let t; =2 and subject it to the same boundary

conditions and initial condition as that in Egs. (88) and (89). We
can apply the one-stage LGSM to calculate this example.
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The data F(t;) are obtained by applying a numerical method,
for example the RK4, on the corresponding direct problem, suppos-
ing that H(t) is known from Eq. (93). In this identification of H(t)
we have fixed Ax =0.01 and At = 0.01 for the un-noised case,
and Ax = 0.01 and At = 0.05 for the noised case. In Fig. 4(a) we
compare the numerical solution of H(t) with exact solution. The er-
rors are rather small in the order of 1072 as shown in Fig. 4(b).
From this example one may appreciate the accuracy of the LGSM
provided here even for identifying a highly discontinuous and
oscillatory parameter H(t) in the above. By adding a noise with
s = 0.01 the result as shown in Fig. 4(a) by the dashed-dotted line
reveals that it is more robust against the noise than the TSLGSM. In
this case the accuracy is not so good as in the first two examples,
whose reason is attributed to that this function of H(t) is more dif-
ficult to estimate, and the input data F,(t;) are not exact.

5. Conclusions

In order to estimate the time-dependent heat source under an
extra measured temperature at an internal point, we have em-
ployed the TSLGSM to derive algebraic equations and solved them
by iteration process. Numerical examples were worked out, which
show that our TSLGSM is applicable even under a large noise on the
measured data. Through this study, we can conclude that the new
estimation method is accurate, effective and stable. Its numerical
implementation is simple and the computational cost is low. When
an internal measurement of temperature is near to the boundary,
the one-stage LGSM is suggested, because the one-stage LGSM is
less complex than the TSLGSM and its robustness is also good than
the TSLGSM. According to these facts, this TSLGSM and one-stage
LGSM can be used in practice as an accurate and effective mathe-
matical tool to estimate the unknown time-dependent heat source.
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